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Development and Verification of Recursive Programs

» We seek a method:

v

Easy to apply (also to larger programs)

v

Tool support (such as Rodin)

» Data refinement

» Imperative programs and procedures
» Some related work:!

» Program Verification (Hoare)
Proof Outlines (Owicki/Gries)

Refinement Calculus (Morgan)

v

v

v

Refinement Calculus (Back)
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!Missing from the list: B-Method and VDM, for instance



Method of Program Development

Mac;](:jel extract Abstract transform Concrete
Program Program
Proof

» A model describes an “abstract program’

» “Concrete programs’ are an indirect target
» Maybe not reached by refinement

» “Abstract program":

» only call-by-reference parameters

» and no global variables %M%%W
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Use of Event-B (and Rodin)

®00 Event-B - RecFac_04/m1.bum - Rodin Platform - /Users/stefan/Documents/Rodin/110110 (=)
el o I8 1ov] %o G BHEeE
£ Event-B Explorer 3 SO|Em [Em2  [E*m =0
pry—— @invé pcel(I1,E3) e facF = TRUE T
B & e @inve pc=E2 = m=n A n-120 A k=f(n-1) .
] ] o @inv7 pc=El = m=n A k20 A k=n-1
% theorem @thnl (n20 A facF = FALSE) = (n=0 A pc = PB) v (n>0 A pc = PO) v (ka0 A pc = E1) v (pc = E2)
ml 5
© Variables events
+ Invariants event fI1 refines fac
where
% Events @9 n=0
@ Proof Obligations @ pc = PO
@ inve/wD then N
@ thml/THM n
@ INITIALISATION /invé /INV. end
@ INITIALISATION /inv6 /INV
@ INITIALISATION /inv7 /INV. event fE1
" where
@ INITIALISATION /a/FIS & 18
@ INITIALISATION/c/FIS @ pc = PO
@ fiL/inva/INV then
@ A1/iv6/INV. o mn
A @ ken-1
@ A1/inv7/INV eq pe=El
@" 11/9/GRD end v
@ f11/f/GRD
A
@ fiLja/sm V) Symbols 2 =g
G fE1/inva/INV Y
@ fE1/inv6/INV . >>un»-:gmesﬂvagszcg......_._...."...-.«_...\x..l~.<x[
o e e = .+ +-"x+=:e:]€ | PNINPLPZNUV ~T 1 o3 0

T
» Clear and direct mapping to Event-B machines

» Use Rodin to do the proofs

» Keep Event-B notion of refinement

» For now write the “mapped” model directly in Event-B
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Proof Outline of Factorial Procedure
Program Verification
{n>0An=N} Fac(n) {n=NI!} =
{n>0An=N}

if n =0 then
{n=0An=N}
n:=1
{n=N!}
else
{n>0An=N}
var m := n;
{m=NAn>0An=N-1}
n:=n—1;
{m=NAn>0An=(N-1)}
Fac(n);
{m=NAn=(N-1)}
n:=mxn ,
{n=N!} o
end O//MM%%M
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Graphical Notation for a Proof Outline Using Events

Towards Event-B

Fac _ _ o _______
| faci |
E [+—»O !
: Fac_________. i
| | | |
| O—»1 O—»—0 —»O0—»0—>0 |
X face I facf | facg |
o Em s e e e |
» faci = whenn=0thenn := 1 end
» face = when n >0 then m, n := n, n—1 end
» facf = whenn >0 thenn := n! end ) '
» facg = n := mx*xn %M%%M
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Factorial Specification

Fac_________.

I I

I

 O—» [0 |

ot facf t | Qt true
facf = when n > 0 then n := n! end
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Factorial Refinement Sketch

Fac_________.
| |
\ O—»-—»0 |
\ t facf t |

AT T
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Factorial Refinement Sketch

Fac_________.

| |

\ O—»-—»0 |

\ t facf t |
C Tt T i
. O—0 i
I t I
! |
| |
R '
. O > »O—»[—»0 |
: face p fach qg facg t
| |

e e e e = = —— — ——————— ————————————————

AL
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Factorial Refinement Sketch

Fac_________.
I I
I I
I O—»[1+—»0
\ t facf t |
I‘-—--—-‘:;-._——---_——---_———---———---———--.:::;--
: faci faci = when n =0 thenn := 1 end :
I [0 face = when n > 0 then m,h := n,n—1 end :
: t fach = when h >0 then h := h! end :
: ; facg = n := mxn I
I
I
i O > »O—»[1—»0 |
| face p fach g facg t
! I

e e e e = = —— — ——————— ————————————————
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Factorial Refinement Sketch

Fac_________.

Qpm=n : : Qgm=n
h>0 | O[O0 n—1>0
h=n—-1 L_t___fa_c_f___t__l_ h = (n—1)!

r-_"_";__._______________________________:'_‘;-_I
: faci faci = when n =0 thenn := 1 end I
I [0 face = when n > 0 then m,h := n,n—1 end :
: t fach = when h >0 then h := h! end :
: ; facg = n := mxn I
I
I
i O > »O—»[1—»0 |
| face p fach g facg t
! I

e e e e = = —— — ——————— ————————————————
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Factorial Refinement Sketch

Fac_________.

| |

\ O—»-—»0 |

\ t facf t |
C Tt T i
. O—0 i
I t I
! |
| |
R '
. O > »O—»[1—»0 |
: face p fach qg facg t
| |

e e e e = = —— — ——————— ————————————————

AA T
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A Recursive Reference?

Fac_________.
| |
\ O—»-—»0 |
\ t facf t |

facf = when n > 0 then n := n! end
0 ’Ct) s = i b = 0 ke = ol

|
|
|
|
|
|
|
|
|
|
|
|
]

e ——————

e e e e = = —— — ——————— ————————————————
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A Recursive Reference?

Fac_________.
| |
\ O—»-—»0 |
\ t facf t |

facf = when n > 0 then n := n! end
0 ’Ct) s = i b = 0 ke = ol

e ——————

e e e e = = —— — ——————— ————————————————
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Recursion by Instantiation

e ——————

Fac_________.

| |

| O—»—»0 |

\ t facf t |
. faai T |
S = g i
|
! Fac (n:.=h) i
x el :
| |
| O—» O—»—»0 —»O0—»—»O0 |
: face p \ p facf q | qg facg t
! I

e e e e = = —— — ——————— ————————————————
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Completed Factorial Model

e ——————

Fac _______ .7
I
: O—»{+—>»0 instantiate
refine , facf t .
________ STttt TTTTTTTT irefine
r-_--_";'__T_;,"______________________ ____L';‘:;-_I
| faci, .-
‘A |
! (—»O !
I t
: Fac (n:=h)__ ___ i
It : | :
| |
| O—» O—»—»0 —»O0—»—>0 |
. face p \ p facf q | q facg t !
| |

e e e e = = —— — ——————— ————————————————
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Extracted Factorial Program

instantiate .

Model
and
Proof

extract Abstract transform Concrete
Program Program
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Extracted Factorial Program

instantiate .

Model
and
Proof

extract Abstract transform Concrete
Program Program
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Extracted Factorial Program

instantiate .

Model
and
Proof

extract Abstract transform Concrete
Program Program
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Extracted Factorial Program

Fac(n)
if » =0 then
n:=1
else
var m, h := n, n—1;
Fac(h);

n = mxh

end
M:"‘:e' extract Abstract transform Concrete
Proof Program Program
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Extracted Factorial Program

Fac(n)
if » =0 then
n:=1
else
var m, h := n, n—1;
Fac(h);

n = mxh

end
M:"‘:e' extract Abstract transform Concrete
Proof Program Program
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Extracted Factorial Program

Fac(n)

if n =0 then
n:=1

else
var m, h := n, n—1;
Fac(h);
n:=msxh

end

’:mi‘e,l ey e | [ | Gorers
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Towards a Concrete Program

e ——————

Fac _________.

| |

\ O—»-1—»0 |

\ t facf t |
Y i
S = g i
|
! Fac (n:=h) |
: f ro T T T T |
| |
| O—» O—»—+0 —»O0—»1—»0 |
: face p \ p facf q | qg facg t
! I

e e e e = = —— — ——————— ————————————————

AA T
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Towards a Concrete Program

e ——————

Fac

T T T T T T T T Qt k=n

\ O—»-—»0 | Qpk=h

\ t facf t | @qk=nh
C Tt T i
o i
|
! Fac (n:=h) |
§ peesi. o :
| |
. O—» O—»1+—»0 —»O—»-+—»0 |
: face p \ p facf q | qg facg t
| |

e e e e = = —— — ——————— ————————————————

AA T
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Towards a Concrete Program

Fac

T T T T T T T T Qt k=n

|

'\ O—»[1—»0O | Qpk=h

|t facf t | Qg k=nh
e faci faci — when k — O then ik == 1end i

QO face = when k >0 then m,k := k,k —1 end
t facg = k := mxk

_—— - ——

e ——————

e e e e = = —— — ——————— ————————————————
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Concrete Factorial Program

Fac(k) :

if £ =0 then
k:=1

else
var m := k;
k= k-1;
Fac(k);
k:=mxk

end

el
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Concrete Factorial Program

global var k
Fac(k) Fac ::
if k=20 then if k=0 then
k=1 k=1
else transform else
var m := k; — var m := k;
k= k-1; k= k—1;
Fac(k); Fac;
k:=m=xk k:=mxk
end end
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Concrete Factorial Program

global var k
Fac(k) Fac ::
if k=20 then if k=0 then
k=1 k=1
else transform else
var m := k; — var m := k;
k= k-1; k= k—1;
Fac(k); Fac;
k:=m=xk k:=mxk
end end

HEINRICH HEINE

UNIVERSITAT DUSSELDORF



Contents

Program Termination

HEINRICH HEINE

UNIVERSITAT DUSSELDORF



Termination of the Factorial Procedure

e ——————

Fac _________.

| |

\ O—»-1—»0 |

\ t facf t |
Y i
S = g i
|
! Fac (n:=h) |
: f ro T T T T |
| |
| O—» O—»—+0 —»O0—»1—»0 |
: face p \ p facf q | qg facg t
! I

e e e e = = —— — ——————— ————————————————

AA T
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Termination of the Factorial Procedure

e ——————

Fac_________.

| |

| O—»[—»0 |

\ t facf t |
r-_"_":;a_Ci______________________________::'_‘;-_I
|
| —»-O ﬁ?i()_l !
| t mT=n :
: Fac (n:=h)______ !
K i | |
i | O—»0—»0 —»O0—»[—»0 |
. face p \ p facf q | q facg t !
| |

e e e e = = —— — ——————— ————————————————
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Termination of the Factorial Procedure

e ——————

Fac_________.

| |

\ O—»-—»O |

\ t facf t |
r"'"":;a-c ittt
! >0
. _O—O0|, - |
| t 1T=n
: Fac (n:=h) variant n
It : |
i ' O—»—»0 —»O0—+1—»0
. face p \ p facf q |
|

e e e o o ——————— ——————————
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Termination of the Factorial Procedure

e ——————

Fac_________.

| |

\ O—»-—»O |

\ t facf t |
r-_"_":;a_Ci______________________________::'_‘;-_
! n>0
. _O—O0|, - |
| t 1T=n
: Fac (n:=h) variant n
It : |
i ' O—»—»0 —»O0—+1—»0
. face p \ p facf q | q facg t
|

e e e o ————— — ——————————

Tobe proved: n=0arn-1<n
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Specification of EvenOdd

“Defunctionalisation” (J. C. Reynolds)

] ] ] ]
| O—>0—0 | | O—»0—»0 !
) | ] |

evnf = when n > 0 then e := "n mod 2 = 0" end oddf = when n > 0 then o := “n mod 2 # 0" end
evni = when n = 0 then e := TRUE end oddi = when n = 0 then o := FALSE end

evne = when n > 0 then m := n—1 end odde = when n > 0 then m := n—1 end

@p m=n—1 Qq m=n—1
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Specification of EvenOdd

“Defunctionalisation” (J. C. Reynolds)

e Sttty
io—»D—»O i
1 1

| evni - ) oddi !
i I D_’? i
i odd (on:=em)_ _ i i C< Even (en:=om) _ _ i
1 t 1 1 1 1 t 1 : 1
i o-»i O—»—+0 —»0O | | O0—»-O0—»1 O—»—0 —»O |
| ewne p I p oddf t t! | odde q 1q ewf t| t!
T v oo
Even(e,n) : Odd(o,n)
if n =0 then if n =0 then
e := TRUE o := FALSE
else else
var m := n—1; Odd(e,m) var m := n—1; Even(o,m)

end end 74”‘%%“/'
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Conclusion

» Method for sequential program development
» Recursion
» Mutual Recursion
» Termination
» To be investigated:
» Modularity
» Concurrency

» Soundness
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